In this paper we study the propagation of entanglement entropy after a global instantaneous quench on the CFT boundary of AdS bulk. We consider the Gauss-Bonnet model as a higher curvature gravity model for which we correct the RT(HRT) proposal to compute the holographic entanglement entropy(HEE). To obtain an analytical solution we perform an approximation approach which bounds our computations to the small subregions and we compare its thermalization regimes to the result of large subsystem case. We can see tsunami picture that describes the evolution of entanglement for the large systems breaks down here and the details just depends on the shape and size of entangled region and of course the details of our gravity model. We can see the phase transition in this regime is always continuous regardless the shape and size, in contrary with large subregions.
Introduction
The gauge/gravity duality or the AdS/CFT correspondence is a conjecture that relates a gravity theory into the bulk to a non-gravity theory (quantum field theory) on its boundary [1, 2, 3] . In fact this duality relates quantum physics of strongly coupled many-body systems to the classical dynamics of a gravity model which lives in one higher dimension. This makes the AdS/CFT a suitable way for the understanding and studying quantum gravity. Although, some recent works tried to generalize this conjecture to nonAdS gravity theories for which dual field theories must be invariant under other special scaling. For example in [4] the gravity model is used as a toy model in the condensed matter physics. The prominent work on this correspondence is RT proposal [5] to study holographic entanglement entropy (HEE) which comes from the similarity between the entanglement entropy as a non-local observer in the boundary and black hole entropy in the bulk. In this prescription entanglement entropy on the field theory side corresponds to a minimal surface in the bulk anchored to the entangled region, or in the other hand by geometrizing non-local observable on the filed side relate it to the bulk geometry. In fact observables on the field theory in this prescription can construct the bulk geometry. In a dynamical prescription of RT (or HRT [6] ), minimal surface calculates over time until it equilibrates. In this situation the minimal surface can penetrate behind the event horizon and give us information from the black hole construction, however it can not still approach the singularity. There are some limitations on the RT and HRT prescriptions which faces the reconstruction of the bulk to difficulty [7] . These limitations implies that HEE might not be a suitable probe to explore and construct the bulk geometry. There are two solutions to encounter this problem: using other useful probes such as mutual information [8] , casual holographic information [9] and etc; the main problem about them is ambiguity about their dual field theory. Another approach is choosing an alternative gravity model such as higher derivative theories for the bulk instead of Einstein gravity model. The main problem arises here is that we can not use RT (or HRT) prescription anymore and we have to correct them. To correct this proposal we must consider some previous fundamental conditions like strong subadditivity [10] . It must be noted that evaluating new functional in higher curvature gravity model on the event horizon leads to the correction of black hole entropy in these theories. In our work we pick up the second approach and by considering a higher derivative model of gravity (AdS-Gauss-Bonnet model) tries to explore the bulk. In this model it can be found that HEE extremal surface behaves like the Einstein gravity case and penetrates the horizon but doesn't reach to the singularity, however explores the bulk less than it. The extension of the RT proposal to the Gauss-Bonnet gravity has done in [11] and [12] , and it generalized in [13] and [14] to any higher order theories and their dual field theories.
But dynamical process in the bulk during which entanglement entropy evolves is described by a global quantum quench on the boundary. Actually the initial static system in the pure AdS state perturbed by a time-dependent disturbance which is produced by injection of an uniform energy density at the initial time. These global quenches on the boundary are modeled by a null shell of matter which begins to collapse from the boundary at the initial time until formed to a black hole at the center of AdS spacetime [15, 16, 17] . If this injection is immediate then disturbance would be sharp at the moment corresponds to the collapsing of a very thin shell, while smooth perturbation is equivalent to a null shell with specified thickness. Entanglement evolution from global quantum quench is studied in [18] for a large subsystem in 1+1-dimensional CFT. The result is that the entanglement entropy in large subsystems grows linearly in time and it is proportional to final thermal entropy density at saturation time. Saturation time at which the system equilibrated and entanglement entropy does't evolve anymore is proportional to the size of entangled region. This is clear enough about EPR pairs of entangled quasi-particles emitted from an initial state [18] , but it must be more careful in many-body systems with strong interactions between the pairs. The AdS/CFT correspondence is a fundamental geometric approach to face with this subject. In [5] the entanglement entropy growth is obtained for large subsystem A on the CFT boundary (with area A Σ on the boundary) by this correspondence as follows:
which denotes a linear and universal behaviour in a time interval between thermal equilibrium timescale and saturation time. At saturation time (t sat ) collapsing null shell grazes the deepest point on the extremal surface into the bulk called "turning point" and after that extremal surface stop changing. Turning point (z t ) is proportional to the entangled region size on the boundary and so t sat = z t ∼ ℓ, as it noted in [18] . Another timescale, t loc , represents time at which the system equilibrates thermally and after that no thermodynamic entropy adds to it, anymore. This timescale has an inverse relationship with final temperature of the system which corresponds to the characteristic wavelength of the thermal excitations, λ th . This characteristic wavelength is proportional to the event horizon of the black hole, z h , which is formed into the bulk. So as a conclusion t loc ∼ 1/T f inal ∼ λ th ∼ z h . In large subsystems since the size of region is much larger than wavelength of the thermal excitations ℓ ≫ λ th , so these excitations have own effect on entanglement growth until the system equilibrate thermally. In (1.1), v E is a function of the dimension of spacetime given by [19, 20] 
It is easy to find that for any dimension v E 1, which the equality case happens for d = 2. Due to this bound and the general form of (1.1) we can attribute v E as the speed of entanglement propagation. Of course v E is not a real physical velocity and v E 1 is just a similarity to causality. In many recent works this is showed that for large subsystem this bounding for v E [21, 22] is true. These similarities make it sense that we call v E the speed of entanglement growth which can be bounded by the velocity of light. As we mentioned above for d = 2 this velocity equals to 1 which means that entanglement entropy is propagated by a free streaming of particles moving at the speed of light regardless to possible interactions. Attributing v E to the speed of entanglement growth leads to a creative picture, called "tsunami picture", which ascribed it to the propagation of a wavefront on the CFT side [19, 20] . In this picture the evolution of entanglement described on the boundary and by turning on the quantum quench a wavefront starts propagating from the boundary of entangled region inward. This propagation continues until it covers the whole region at the saturation point. In this case we can define the instantaneous rate of propagation as a dimensionless quantity:
By attention to tsunami picture this instantaneous rate is bounded by tsunami velocity like the velocity introduced in (1.2), or in the other word ℜ(t) v E .
From v E 1 we conclude that ℜ max 1. But the situation is different in small subsystems in which due to t sat ≪ t loc we have ℓ ≪ λ th that represents the size of entangled region is much smaller than thermal excitations and therefore interactions have not any effect on entanglement evolution. In the other words, the system becomes saturated long before the thermal excitations could be effective. Thus, entropy evolution only happens in the initial time interval for large system and doesn't proceed more, so tsunami picture (1.1) breaks down here. Therefore, ℜ(t) is not bounded to tsunami velocity and can exceed the speed of light. This new situation makes the entanglement growth dependent on the details of gravity model and type of the quench, instead of interactions and thermal excitations. This again justifies the using of various gravity model for the bulk.
An overview of this paper is as follows: In section 2 we introduced a non-Einstein-like gravity model (AdS-Gauss-Bonnet model) and our proposal in Einstein theories has been corrected here. At the beginning of section 3 we explain our approximation approach which is the main procedure we perform here for small subsystems to obtain the leading behaviour of entanglement evolution. By this approach we obtain the explicit forms of our quantities to a large extent, which describes the evolution of system. Because of unnecessary complicated computations we just perform our calculations for the strip region. In section 4 we try to analyze various regimes of thermalization in this gravity model for small subsystems and compare them with the main thermalization regimes for large subsystems and describe their similarities and differences. At last in section 5 we have a conclusion of the results and also present some outlooks and further works.
Gauss-Bonnet model of gravity in AdS space
Gauss-Bonnet gravity model is obtained from the second order equations of motion due to the higher order derivatives terms in the action, Indeed it is the simplest form of the Lovelock gravity model. By attention to the AdS/CFT correspondence, these higher order derivative terms appear as a quantum or stringy corrections in the classical action as the correction of the curvature. By adding Gauss-Bonnet term to the uncharged Einstein theory of gravity we lead to a five-dimension Lovelock model with the following action [11] :
in which L (4) is the Gauss-Bonnet term,
and G
N is the Newtonian constant in 5-dimension, R is Ricci scalar, L is the radius of anti-deSitter space which is related to the cosmological constant via Λ = −6/L 2 in five dimension, λ GB is the coupling constant in the Gauss-Bonnet gravity which must satisfies the following constraint due to the causality of dual field theory in d-dimension [23] :
where in our case for d = 5 it reduces to
The black hole solution for AdS-GB (Anti de Sitter Gauss-Bonnet model) of (2.1) by attention to [24] is
for which two solutions could be acceptable mathematically:
where M represents the mass of black hole. It must be noticed that we will ignore the positive one because it contains ghost solution and so it is unstable. By defining a new coordinate as z = L 2 /r, for which the singularity r = 0 sits at infinity and AdS boundary would be z = 0, we can transform the frame to the Eddington-Finkelstein coordinate with
where,
with f 0 for near the boundary value of f (z), namely
which by attention to (2.4) in d = 5 restricted as 0.77 f 0 1.31. By these considerations we lead to a new form of our metric as follows:
where
. Note that the location of the event horizon, which obtained by f (z h ) = 0, by attention to (2.8) would be
. Also the Hawking temperature of this solution can be achieved as [25] :
In a Vaidya form, f (z) from (2.8) has a dependence on a new time coordinate, υ, via the mass function and would be changed like:
In this work we consider time-dependence of the mass as step function,
It represents a shock wave with zero thickness which suddenly collapses at υ = 0. Transformation from a static AdS space-time to a black hole solution is described by a quench process for which υ < 0 implies the pure solution and this process is carried by a thin null shell lies at υ = 0.
Time dependant behaviour of entanglement entropy
According to the prescription of Ryu and Takayanagi [5] in the context of AdS/CFT correspondence, entanglement entropy of a region A on the field theory boundary is computed by:
N is the Newtonian constant in the AdS spacetime and Γ A is a d-dimensional surface in the bulk which is bounded to the CFT boundary such that ∂Γ A = ∂A. In time dependant version of this proposal called HRT [6] the condition of minimal area surface would be generalised by extremal surface,
We can consider region A as different geometric surfaces and then it would be possible studying entanglement entropy explicitly. For simplicity reasons we just consider the case for a rectangular strip surface on the boundary. In a (d − 1)-dimensional strip region on the boundary with width ℓ and length ℓ i⊥ → ∞ (i = 1...d − 2) the boundary coordinates defines by:
and we can write d x 2 = dx 2 + dx 2 i . It must be noticed that extremal surface in this case is invariant under translations in the direct of x i and we can parameterize it with embedding functions x(z) and υ(z) by below boundary conditions:
where z t is a specific value for holographic direction on the extremal surface called "turning point" for which (z t ,υ t ) is deepest point within the bulk and completely fixes the extremal surface. Now, the above considerations help us to define the area of extremal surface as follows
in which ζ represents world-volume coordinate (all coordinates except coordinates which defined as embedding functions) and γ is determinant of induced metric on surface Σ. Equation of motions simply derived from the extremizing of the functional in (3.5), but in our case for (2.12) we have to use an approximation technique to study leading order of the solution by considering small subsystems (when z t ≪ z h ) which makes possible to solve it analytically [26] .
• Perturbation method to solve non-linear equations: Consider a general form of the functional as L[ψ(z), ǫ] where ψ(z) denotes all embedding functions defined in the functional and ǫ ≪ 1 is a dimensionless parameter that plays the role of perturbation parameter. By this definition we can expand the functional and embedding functions with respect to ǫ as follows,
All embedding functions could be obtained by solving the equations of motion from the functional but since the equations are non-linear in general, solving them are very difficult and even impossible. By writing the functional and embedding functions order by order like (3.6) and keeping only the first order and neglecting terms with higher order (because the key observation is at first order), the expansion of the functional leads to
The last term in the above equation could be written in the following form for which we use of the Lagrangian variation method:
By considering the Euler-Lagrange equation of motion the above term vanishes and the on-shell result of (3.7) would be
The interesting point of this result is that the solving of first order expansion just needs the zeroth order of the embedding functions.
The growth of entanglement entropy in AdSGauss-Bonnet gravity
Since AdS-Gauss-Bonnet model is a higher derivative theory of gravity so we can not use RT (3.1) or HRT (3.2) prescriptions to evaluate entanglement entropy. In this situation we must modified our proposal according to [11] and [12] by defining:
in which the entanglement entropy for an arbitrary region on CFT side would be obtained by extremizing the above statement for S EE . Also Σ is a three dimensional surface into the bulk anchored to 2-dimensional boundary, ζ represents world-volume coordinate on the both terms (where d 3 ζ = dzdx 1 dx 2 in the first integral and d 2 ζ = dx 1 dx 2 in the second one), γ is determinant of induced metric on the surface Σ which constructs R Σ as the Ricci scalar for the intrinsic geometry on Σ. The second term called the Gibbons-HawkingYork boundary term (GHY term) [27] is added to provide a good variational principle in extremizing our functional. In this boundary term induced metric denotes by h and K is the trace of the extrinsic curvature of Σ. For a rectangular strip on the boundary described in section 3 with translational invariance in directions x 1 and x 2 and with width ℓ in the other direction x (−ℓ/2 ≤ x ≤ ℓ/2), the extremal surface bound to this area would be parameterized by the bulk direction z, and therefore our embedding functions would be x = x(z) and υ = υ(z). By these considerations we can rewrite (2.10) as follows:
which actually represents induced metric on the co-dimension surface and prime denotes derivative with respect to z, also the boundary conditions in (3.4) are the same here as well. This induced metric leads us to
After calculating the Ricci scalar, R Σ , which is constructed from the above induced metric we get
By attention to R Σ , the second term in the first integral in (4.1) could be rewritten as the following form because of the future simplifying purposes:
This simplified form shows its important role during the calculation of GHY term in (4.1) (see the details in appendix A). The result is as below:
As we can see GHY term cancels exactly with the second term in (4.6) when all terms are placed in (4.1) and the final modified action which needs to be extremized to obtain the entanglement entropy would be:
As it mentioned before, deriving the equations of motion and reaching to an explicit form of the entanglement entropy needs to apply perturbative technique. In the approximation of small subsystems, for which z t ≪ z h , the embedding functions and the functional could be expanded with respect to a perturbation parameter, similar to (3.6). By attention to the on-shell expansion (3.9) we just need zeroth order of the embedding functions to expand the functional to first order. At first place to expand (2.12) we can apply f (z h ) = 0 and obtain timedependent mass function as M(υ) = Mθ(υ) = θ(υ)/z 4 h . By attention to (2.9) we take 2λ GB f 0 = α corresponds to f 0 = 2/(2 − α) which leads to the following bound by regarding (2.4): − 0.6 α 0.47, (4.9) and by considering z t ≪ z h we can expand (2.12) as follows:
in which ǫ ≡ (z t /z h ) 4 ≪ 1 is perturbation parameter and
By attention to (4.9) none of coefficients in (4.11) doesn't suffer from any singularity problem.
If we ignore the second and higher order perturbation terms and keep only the first order, we can expand the action (4.8) as follows: 12) in which, by setting L = 1,
and
where A Σ = Σ dx 1 dx 2 = 4ℓ 1 ℓ 2 (ℓ 1 , ℓ 2 → ∞ are the lengthes of enough long strip in x 1 and x 2 directions) is a constant because the functional is independent from x 1 and x 2 . Also G 0 is the value of G for ǫ = 0:
To apply perturbation approach we need the zeroth order of the embedding functions, so it must be necessary to expand them for small ǫ and ignore all terms except zeroth order terms. At first by using (2.7) and (4.10) we lead to
Since we need only the zeroth order so
, for which prime denotes derivative with respect to the holographic coordinate z. By plugging these results into L (0) and by solving the Euler-Lagrange equations we find: 17) since the evolution of x(z) and z are inversely related ( dx dz < 0), so without loss of generality we can consider minus sign. Also χ = χ(z, κ) in which κ is a constant of motion from the Euler-Lagrange equations. Actually since L (0) doesn't include x explicitly, so the equation of motion has a constant we denoted by κ and by using this constant χ would be the real root of a polynomial function whose explicit form is as below:
for which,
Regardless the details of χ, we can evaluate this function for z = z t . In z = z t we have x (0)′ → ∞ so χ(z t ) = √ a/z t and therefore constant of motion could be computed for any α. So (4.17) could be evaluated as follows
This result leads us to the zeroth order of another embedding function,
which by reminding the condition x(z t ) = 0 we find the relation between length of entangled region and turning point as
Since we are interested in the evolution of entanglement entropy so we bound us to compute the second part of (4.12) as follows,
23) in which L
(1) is a function of the zeroth order of the embedding functions defined in (4.14). In the zeroth order the spacetime is static so all extremal surfaces lie on a constant-t slice (t(z) = t) [26] . Solving (4.22) we change differential parameter to υ(> 0) for which θ(υ) = 1 it turns to
(4.24)
Now according to the limit of above integral, two situations may be arisen. Indeed, time dependant behaviour of the entanglement entropy is different before and after the specific time-scale appropriate to z t called "saturation time" at which the null shell grazes the turning point; in the other words at the saturation time υ(z t ) = 0 which by putting that in υ (0) (z) we get to t sat = z t . Since from (4.22) the turning point is appropriate with the size of the entangled region, then the saturation time would be increased by increasing of the sub-region size. By this saturation time the following two cases could be studied:
(a) If t < t sat then the range of the integral varies from zero to t and the final result is a time function
(b) If t > t sat then the evolution which is started at t = 0 stops after the saturation time. We can simply put t = t sat in (4.25) and get to
in which we used the parameters defined in (4.11). As we know after the saturation time entanglement entropy doesn't change anymore we can define ∆S(t > t sat ) = ∆S sat and rewrite (4.25) as
There is a dimensionless quantity as we introduced in the introduction which is useful to study the entanglement entropy evolution. This quantity represents the instantaneous rate of this growth by factorizing the aspects of the system such as the size of the region (or total number of degrees of freedom). A system with the bigger size has more degrees of freedom and so the faster speed of growth for entanglement entropy. This rate of entanglement growth is defined by [19, 20] , 28) where s sat = ∆S sat (t)/V A is the equilibrium entropy density of the system which happens after the saturation time and V A is the volume of the entangled region A. By using A Σ = 4ℓ 1 ℓ 2 and V A = ℓℓ 1 ℓ 2 and also ℓ = 2z t / √ a = z t 2(2 − α) we reach to
(4.29) For studying the entanglement entropy growth schematically, we plotted these analytic results for the various values of the Gauss-Bonnet coupling constant from (2.4) in figure (1.a) . Actually time-dependant function of entanglement entropy in the first order, ∆S(t) = S
(1) (t), behaves like (4.27) for α which can be varied like (4.9). The case for α = 0 corresponds to λ GB = 0 for which the effect of higher order Gauss-Bonnet vanishes plotted by the gray line. As a result, by increasing coupling constant λ GB for a fixed size of entangled region, saturation value of entanglement entropy decreased at a same saturation time. In figure (1.b) we plotted the diagram of ℜ(t) for the same values of α we choose in (1.a), we can see that although they all never cross the speed of light, but the shape of instantaneous rate function ℜ(t) is changed slightly by altering the coupling constant of our gravity model. As we can see by increasing α the maximum value of ℜ(t) decreases until around α = 0.4 (or λ GB = 0.16) after which it starts increasing again. In the other words, ℜ max is a function of λ GB which has a minimum for λ GB = 0.16. Table 1 shows the changing of ℜ max for (4.9) and by considerations mentioned in figure 1.
Thermalization Regimes after Quench
In this section we are about to study the entanglement growth discussed in the previous section in more details. We can see there are some similarities and differences between time evolution of entanglement entropy for small and large subsystems before saturation. As we can see for large systems in [19, 20] , three distinct regimes have been studied separately: 1) pre-local equilibration regime which happens at initial times of quench for which t ≪ t loc ∼ z h , in this regime entanglement entropy behaves like a quadratic function of time, 2) post-local equilibration regime for t t loc , in this time interval the growth function takes a linear shape, and 3) approach to saturation which studies Table 1 : Evolution of ℜ(t) at t max for various α in the strip region for AdSGauss-Bonnet bulk.
this behaviour close to the saturation time and also phase transition of the equilibrium of entanglement entropy. As mentioned above in the large subsystems local thermal equilibrium time, (t loc ), is an important timescale and has been used to study intermediate regime of the evolution. The problem arises in small subsystems, because these systems saturate long before it equilibrated thermally, in fact since z t ≪ z h so t sat ≪ t loc , so we don't have any definite timescale like in the large subregion case. In addition there are some differences as well, in the universality during various time intervals. Similar to large subsystem case, we will study the entanglement growth in small region case (z t ≪ z h ), during three distinct time intervals as follows:
• Initial quadratic growth: Since the only time-scale in this approximation is the saturation time, then for initial time we have t ≪ t sat corresponds to t ≪ z t . We can apply this limitation in our results for our gravity model. From (4.25) we obtain:
for α defined in (4.9). This time evolution function (as it is expected) is quadratic for initial time and independent of the size region, it also must presents an universal behaviour. Therefore for any other shapes of entangled region, the same result would be obtained in this regime.
• Quasi-linear growth: In the large subsystems after the local equilibrium point, time evolution of the regime would be linearly which is the opposite of the behaviour in our case. By attention to the equation (4.27), entanglement growth is not obviously linear so tsunami velocity (which is defined in large subsystems) is useless here. In the other side, because instantaneous rate ℜ(t) depends on the size and shape of the entangled region so the evolution is not universal. This is obvious from (4.29) that we can see z t in it which is related to the size of region. By attention to this fact that ℜ max = v max E as it described in introduction, we can produce an equation very similar to the linear regime for large subsystems:
which is just valid for t max . At this time instantaneous value of the rate takes its maximum amount which could be greater than 1. By a mathematical approach we get to,
Since there is not any quadratic term in the above equation, therefore the time behaviour of entanglement entropy will be linear at t max . In this quasilinear regime we can evaluate v max E at the moment t max for our gravity model. Extremizing the instantaneous rate (4.29) leads to the following real root which defines for acceptable values of α:
By putting this value in (4.29) we can evaluate the maximum rate of the growth as follows:
which implies that for a definite size of region, v max E just depends on our gravity model. Of course it must be noted that v max E by attention to ℜ(t) depends on the shape and size of entangled region which means it would not be universal and also not bounded by v E 1, generally. By attention to table 1 and figure (1.b) we can see that this value never exceeds the speed of light.
• Just before saturation: By attention to [19, 20] the evolution of entanglement entropy just before saturation time in large subsystems depends on the shape of region, the final state and dimension of spacetime. By approaching to t sat the system bears a phase transition to equilibrated state at which the evolution of entanglement ceased. The kind of this phase transition depends on the shape of region as in the strip case for d 3 this transition occurs suddenly, or in mathematical language time derivative of ∆S(t) would be discontinuous at saturation time which corresponds to a first order phase transition. On the contrary, for any dimension the derivative of ∆S(t) at t sat is continuous for the ball region which corresponds to a second order phase transition. In this kind of phase transition the behaviour of the system can be characterized by a nontrivial scaling exponent γ for which,
where (t sat − t) ≪ ℓ eq . This evolution is valid for any dimensions even for BTZ black hole with d = 2, but in d = 3 the evolution takes the form ∆S A (t) − ∆S A (t sat ) ∝ (t sat − t) 2 log (t sat − t) for which the logarithmic term makes it different from the mean-field behaviour with γ = 2 in standard thermodynamic transitions. The situation in small subsystems is not necessarily same as large ones. For various regions time derivative is continuous and then phase transition is of second order. By expanding ∆S(t) around the saturation time, critical exponent would be different in various entangled regions. In our gravity model the critical exponent would be achieved as γ = 3/2 . Discontinuity in entanglement entropy for large subsystems around the saturation time comes from the multi-valuedness of turning point at this time which causes to a swallow-tail behaviour of entanglement entropy. But in small regions the situation is different and the leading order contributions comes from the pure AdS and causes to a unique value of z t at saturation time which makes phase transition continuous in contrary with large subsystems. Of course it must be noted that by considering higher orders of entropy and appearing time dependent parts in addition to pure AdS, we expect that this multi-valuedness will appear.
Conclusion
• results: In the present work we tried to study different regimes of entanglement entropy evolution for a non-Einstein-like gravity model. We are interested in analytical answers instead of numerical solution, so we use an approximation approach which bounds the case to small subsystems on CFT side. Thermalization regimes by this approximation would be computed at the leading order terms. Tsunami picture breaks down here because of small region approximation in which the saturation happened long before the thermal excitations could be effective, so the instantaneous rate is not bounded by the speed of light. Studying the details of thermalization for entanglement entropy in this model shows that the evolution is universal for initial times after quench which is the same as the large subsystems case. But this similarity disappears at intermediate times while in large subsystems the evolution is linear after local thermal equilibrium time but in small region the situation is different. The rate of entanglement growth in small subsystems has a maximum value for a specified time in the intermediate regime which can be varied by changing the size of the region. In our model by increasing λ GB the maximum value of the rate or v max E shows a decreasing behaviour and then an increasing at late times whilst the time at which v max E occurs will be delayed more and more, it could be seen also that v max E never exceeds the speed of light. Another important result is that the entanglement entropy function approaching to the equilibration point at saturation time leads to a continuous derivative. So phase transitions would be of second order and we can characterize it with scaling exponent. It must be noted that this scaling exponent which is a scale factor in continuous phase transitions could be varied in various gravity models and for different shapes of entangled regions.
• purposes and the future works: An analytical solution of entanglement growth makes it possible studying the various regimes of thermalization in more details from the point the quench turns on until saturation time. We can investigate similarities and differences of this evolution among various gravity models and with different shape and size of entangled subregion on the boundary [28] , or we can also study the effects of characteristic parame-ters of our gravity model. It would be useful studying the behaviour of system approaching to saturation time and the kind of phase transition with an explicit function of its evolution. Actually some numerical approaches have done on small and large subsystems for various gravity models in [25, 29, 30] and phase transition structure have studied in [31, 32] which our results could be compared with them. As a future work we can study the case in the context of AdS/CMT correspondence in which the dual gravity model has different symmetries such as theories with Lifshitz scaling or hyperscaling violation. Studying phase structure of black holes by employing non-local observables like entanglement entropy, Wilson loop or two point functions in the static case as a probe could be another interesting area. It must be noted that the main motivation for this study comes from this question whether these observables have a phase structure like thermal entropy of black holes in the T − S plane or not. Also we can generalize this topic to d-dimension and study the effects of the dimension on the behaviour of non-local observables and thermalization regimes. We can also generalize the gravity model to general higher derivative Lovelock theories. There are also other observables which can be more applicable such as: n-partite information like mutual information and studying monogamy and other properties of entanglement, casual holographic information and holographic complexity which the latter is in progress in our next work. We can also consider an arbitrary profile for the mass or charge in quench process and write down the linear response for entanglement entropy of small subsystems and close to the vacuum [33] .
A Gibbons-Hawking-York term
The induced metric on the surface Σ from (5.2) is given by in which h ij is the components of the induced metric on the boundary of entangled surface Σ (or first fundamental form) and
Actually the induced metric on the boundary ∂Σ is related to the induced metric on the surface Σ through h ab = γ ab + n a n b ; n 1 = n z = −N , n i = 0, (A.3)
where n 1 = n z = −1/N is unit normal vector on z direction and obviously other components are zero:
By these definitions the determinant of the induced metric at the boundary is √ h = L 2 z 2 and by attention to [34] the mean curvature (or the trace of extrinsic curvature) is given by: 5) in which K ij = ∇ i n j is the components of extrinsic curvature (or second fundamental form) and by attention to zero value of the shift N α (for details see again [34] chapter 12) obtained as below:
Finally the above relations lead us to the trace of extrinsic curvature as:
Figure 1: (a) Entanglement entropy evolution for a small subregion in GaussBonnet gravity, where we set z t /z h = 0.1 due to small subregions and also z h = 1 and A Σ /16G
(5) N = 1 for simplicity. In these diagrams we put α = −0.6, −0.4, −0.2, 0, 0.2, 0.47 which indicates by black, blue, green, gray, red and orange lines. The case with α = 0 represents when higher order GaussBonnet term vanishes. In diagram (b) we plotted instantaneous rate of this evolution for which the values of gravity model parameter is indicated by the same colors. The horizontal line is the constant speed of light.
